Abstract. We study noncommutative principal bundles (Hopf-Galois extensions) in the context of coquasitriangular Hopf algebras and their monoidal category of comodule algebras. When the total space is quasi-commutative, and thus the base space subalgebra is central, we define the gauge group as the group of vertical automorphisms or equivalently as the group of equivariant algebra maps. We study Drinfeld twist (2-cocycle) deformations of Hopf-Galois extensions and show that the gauge group of the twisted extension is isomorphic to the gauge group of the initial extension. In particular noncommutative principal bundles arising via twist deformation of commutative principal bundles have classical gauge group. We illustrate the theory with a few examples.
Introduction
Noncommutative gauge theories have emerged in different contexts in mathematics and physics. The present study aims at a better understanding of the geometric structures underlying these theories. The relevant framework is that of noncommutative principal bundles that we approach from the algebraic perspective of Hopf-Galois extensions. These first emerged as a generalization of classical Galois field extensions and were later Date: 18 July 2018. recognised to be suitable for a description of principality of actions in algebraic and noncommutative geometry. Aiming at the noncommutative differential geometry of HopfGalois extensions, with a theory of connections and their moduli spaces, in this paper we study the notion of group of noncommutative gauge transformations.
The group of gauge transformations of noncommutative principal bundles, seen as Hopf-Galois extensions, was considered in [4] , and further studied in [3] , (see also [10] ). An unusual feature of these works is that the group there defined is bigger than one expects. Classically, for a principal G-bundle P → M the group of gauge transformations is the group of vertical bundle automorphisms P → P or of G-equivariant maps P → G, for the adjoint action of G onto itself. The pull-back of these maps to the algebra of functions gives O(G)-equivariant algebra maps O(G) → O(P ). However, with the definition of these papers, for the Hopf-Galois extension O(P ) one would get not only O(G)-equivariant algebra maps O(G) → O(P ) but all O(G)-equivariant unital and convolution invertible linear maps O(G) → O(P ). This points for gauge transformations to retain some algebra map property.
To clarify this point, let us consider the simplest case of the bundle G → { * } over a point. In this case gauge transformations are O(G)-equivariant algebra maps O(G) → O(G); they form just a copy of G itself, a much smaller group than that of all O(G)-equivariant unital and convolution invertible linear maps O(G) → O(G). Similarly, infinitesimal gauge transformations are left invariant vector fields, giving then the Lie algebra g of G. In the dual picture they act on O(G) as derivations, that is, as infinitesimal algebra maps. If one does not require infinitesimal automorphisms of O(G) to be derivations, one obtains the whole universal enveloping algebra U(g). With quantum groups one can consider their universal enveloping algebra, or construct a quantum Lie algebra of left invariant vector fields that are deformed derivations, (for instanceà la Woronowicz [31] ). Quantum Lie algebras have been considered for infinitesimal gauge transformations in the context of gauge field theories for example in [6, 7] .
Other studies suggesting a view on gauge transformations as (deformed) algebra maps are those on noncommutative instanton moduli spaces, for example [22] for instantons on the principal bundle on the noncommutative four sphere S 4 θ [21] . There the dimension of the moduli space survives the θ-deformation (see also [2] ).
A further independent argument in favour of a theory of noncommutative gauge groups that does not drastically depart from the classical one comes from the Seiberg-Witten map between commutative and noncommutative gauge theories [30] . This map (initially considered for noncommutative gauge theories in the context of string theory and related compactifications with fluxes) establishes a one-to-one correspondence between commutative and noncommutative gauge transformations and hence suggests a notion of noncommutative gauge group that is a deformation of the classical one.
In the present paper we study the group of gauge transformations as the group of equivariant algebra maps. By way of comparison, anticipating our results for the case of noncommutative principal bundles on a base space which is a point (this in general is not a trivial Hopf-Galois extension, but only a cleft one), we find gauge transformations O(G) γ → O(G) •γ from the quantum structure group O(G) γ to the total space algebra O(G) •γ that are deformed algebra maps (besides being O(G) γ -equivariant maps). However, with a different multiplication in O(G) γ (the product in the braided Hopf algebra O(G) γ ) these gauge transformations become algebra maps O(G) γ → O(G) •γ .
In [5] noncommutative principal bundles were revisited and considered in a categorical perspective. Since noncommutative principal bundles with Hopf algebra (quantum structure group) H are H-comodule algebras A with a canonically given H-equivariant map χ, required to be invertible, the basic category where to study these objects is that of H-(co)representations, that is that of H-comodules. A second category where they can be studied is that of H and K-comodules, with K an "external Hopf algebra of symmetries", a Hopf algebra associated with the automorphisms of a Hopf-Galois extension (classically a group acting via equivariant maps differing from the identity on the base space). In [5] Hopf Galois extensions were studied in these two categorical settings and it was shown that Drinfeld twists (Hopf algebra 2-cocycles) deform functorially Hopf-Galois extensions to Hopf-Galois extensions. Considering a twist on the Hopf algebra H leads to a deformation of the fibers of the principal bundle; considering a twist on the external symmetry Hopf algebra K leads to a deformation of the base space. Combining twists on H and on K one obtains deformations of both the fibers and the base space. Many examples were provided starting from commutative principal bundles. This is the first of two papers where we further pursue this categorical approach and study the group of gauge transformations. In this first paper we work within the representation category of H, with A an H-comodule algebra. We study gauge transformations of noncommutative principal bundles B = A coH ⊆ A with quantum structure group H, noncommutative total space A and commutative base B. Examples motivating the interest in this case include also quantum group gauge theory on lattices, that is related to models quantizing the algebra of observables of Chern-Simons theory [25] .
In a second paper on the gauge group of noncommutative principal bundles, as in [5] , we consider Hopf algebras H and Hopf-Galois extensions in a category of K-comodules. In this richer context we study gauge transformations of Hopf-Galois extensions with noncommutative bases (for instance noncommutative tori and related manifolds). Indeed a further motivation for these studies comes from the relevance of noncommutative gauge field theories for string theory and supergravity compactifications. There U(N) gauge theories on noncommutative tori naturally emerge [8] . In that context already considering simple Lie groups (like SU(N) or SO(N)) is problematic, one way out being the use of the Seiberg-Witten map between commutative and noncommutative gauge theories [30, 18] , another approch possibly being the Hopf-Galois one we are pursuing.
In this work, before considering gauge transformations as algebra maps, we study conditions for the canonical map χ to be an algebra map. The natural categorical setting for addressing this question is that of coquasitriangular Hopf algebras. Indeed in this context the category of H-comodule algebras is a monoidal category. We then show that the canonical map is a morphism in the category when the multiplication in A is a morphism as well (we call such comodule algebras quasi-commutative). This implies that the base B is commutative. Canonically associated with a coquasitriangular Hopf algebra H we have the braided Hopf algebra H. The gauge group is first defined as the set of H-equivariant (unital) algebra maps H → A and then proven to be a group. A second approach is to define the gauge group as the set of H-equivariant algebra maps A → A that restrict to the identity on B. This corresponds to the classical picture of vertical authomorphisms of a principal bundle. Here too we prove that these maps form a group. These two definitions of gauge group are then shown to be equivalent, and the theory is illustrated with examples.
We study next Drinfeld twist deformations of Hopf-Galois extensions and of their gauge groups. We refine the results in [5] to the case of coquasitriangular and cotriangular Hopf algebras. A twist on H induces an equivalence of the corresponding monoidal categories, and braided Hopf algebras are twisted to braided Hopf algebras. The equivalence of the possible different twisting procedures is proven via a map Q. This map is related to the natural isomorphism that gives the equivalence of the categories of Hopf algebra modules and of twisted Hopf algebra modules as closed monoidal categories. These results allow us to conclude that Hopf-Galois extensions B = A coH ⊆ A, with canonical map χ that is an algebra map, are twisted to Hopf-Galois extensions B = A coHγ γ ⊆ A γ with canonical map χ γ that is an algebra map. The twist functor is then applied to the two equivalent characterizations of the gauge group of a Hopf-Galois extension. By using again the map Q we show that the initial gauge group and the twisted one are isomophic. In particular cleft (but not trivial) Hopf-Galois extensions obtained twisting trivial HopfGalois extensions have isomorphic gauge groups.
In a last subsection we consider tensor products of noncommutative principal bundles and study the resulting gauge groups. Combining the tensor product construction and the twisting procedure we construct interesting examples. In particular we study the noncommutative principal fibration of spheres S 7 × γ S 1 → S 4 on the commutative 4-sphere. The structure group is U q (2), a triangular deformation of the unitary group, and the gauge group of this Hopf-Galois extension is isomorphic to the direct product of the classical gauge group of the instanton bundle on the 4-sphere S 4 with the group of U(1)-valued functions on S 4 .
Background material.
We work in the category of K-modules, for K a fixed commutative ring with unit 1 K . We denote the tensor product over K just by ⊗. All algebras will be over K and assumed to be unital and associative. The product in an algebra A is denoted by m A : A ⊗ A → A, a ⊗ b → ab and the unit map by η A : K → A, with 1 A := η A (1 K ) the unit element.
Morphisms of algebras will be assumed to be unital. Analogously all coalgebras will be over K and assumed to be counital and coassociative. The coproduct and counit of a coalgebra C are denoted by ∆ C : C → C ⊗ C and ε C : C → K respectively. We use the standard Sweedler notation for the coproduct: ∆ C (c) = c (1) ⊗ c (2) (sum understood), for all c ∈ C, and for its iterations:
We denote by * the convolution product in the dual K-module
For a Hopf algebra H, we denote by S H : H → H its antipode. For all these maps we will omit the subscripts which refer to the co/algebras involved when no risk of confusion can occur. We simply write V ∈ C for an object V in a category C, and Hom C (−, −) for morphisms between any two objects. Finally, all monoidal categories in this paper will have a trivial associator, hence we can unambiguously write V 1 ⊗ V 2 ⊗ · · · ⊗ V n for the tensor product of n objects.
Given a bialgebra (or a Hopf algebra) H, we denote by M H the category of right Hcomodules: a right H-comodule is a K-module V with a K-linear map δ
In Sweedler notation we write δ V : V → V ⊗H, v →= v (0) ⊗v (1) , and the right H-comodule properties (1.1) read, for all v ∈ V ,
We equivalently say that ψ : V → W is an H-comodule map.
In fact, M
H is a monoidal category: given V, W ∈ M H , the tensor product V ⊗ W of K-modules is an object in M H with the right H-coaction
The unit object in M H is K with coaction δ K given by the unit map η H : K → K⊗H ≃ H.
We denote by A H the category of right H-comodule algebras: a right H-comodule algebra is an algebra A which is a right H-comodule such that the multiplication and unit of A are morphisms of H-comodules. This is equivalent to requiring the coaction δ A : A → A ⊗ H to be a morphism of unital algebras (where A ⊗ H has the usual tensor product algebra structure): for all a, a ′ ∈ A ,
Morphisms in A
H are H-comodule maps which are also algebra maps.
We denote by C H the category of right H-comodule coalgebras: a right H-comodule coalgebra is a coalgebra C which is a right H-comodule and such that the coproduct and the counit are morphisms of H-comodules that is, for each c ∈ C
Morphisms in C
H are H-comodule maps which are also coalgebra maps.
Let H be a bialgebra and let A ∈ A H . An (A, H)-relative Hopf module V is a right H-comodule with a compatible left A-module structure, i.e. the left A-action ⊲ V is a morphism of H-comodules such that the following diagram commutes
Explicitly, for all a ∈ A and v ∈ V ,
A morphism of (A, H)-relative Hopf modules is a morphism of right H-comodules which is also an A-linear map, that is a morphism of left A-modules. We denote by A M H the category of (A, H)-relative Hopf modules. In a similar way one defines the categories of relative Hopf modules M A H for A acting on the right, and E M A H for right A and left E compatible actions, E ∈ A H .
Hopf-Galois extensions for coquasitriangular Hopf algebras
We consider noncommutative principal bundles as Hopf-Galois extensions. These are H-comodule algebras A with a canonically constructed map that is required to be invertible. We first consider the category of (A, H)-relative Hopf modules and understand within this monoidal category the definition of Hopf-Galois extension, that is the bijectivity of the canonical map χ : A ⊗ B A → A ⊗ H. This is done in §2.1, where we see that the monoidal structure forces H in A ⊗ H to be considered as an H-comodule with the adjoint action Ad, denoted H. In §2.2 we consider the case of H coquasitriangular, here the category of H-comodule algebras is monoidal. The braided Hopf algebra H with the adjoint action Ad is an H-comodule algebra so that both A ⊗ A and A ⊗ H are H-comodule algebras. The canonical map is then proven to be an algebra map provided A is quasi-commutative.
2.1. Hopf-Galois extensions. Definition 2.1. Let H be a Hopf algebra and let A ∈ A H with coaction δ A . Consider the subalgebra B :
a,a ′ ∈A, b∈B , the balanced tensor product.
The canonical map χ is a morphism in the category A M A H of relative Hopf modules [5] . Both A ⊗ B A and A ⊗ H are objects in A M A H . The left A-module structures are given by the left multiplication on the first factors while the right A-actions are given by
. As for the H-comodule structure, the tensor product A ⊗ A has the natural right Hcoaction induced by the monoidal structure of M H , as in (1.2),
for all a, a ′ ∈ A. This descends to the quotient A ⊗ B A because B ⊆ A is the subalgebra of H-coinvariants. Similarly, A ⊗ H is endowed with the tensor product coaction, where we regard the Hopf algebra H as a right H-comodule with the right adjoint H-coaction
3)
The right H-coaction on A ⊗ H is then given again as in (1.2) by
for all a ∈ A, h ∈ H. Both A ⊗ B A and A ⊗ H are shown to be objects in A M A H with respect to these structures and χ to be a morphism in the category A M A H of relative Hopf modules (see [5] for details, and see Appendix A for a comparison with other descriptions of the map χ as a morphism of relative Hopf modules).
Since the canonical map χ is left A-linear, its inverse is determined by the restriction
, named translation map,
We recall for later use the following properties of the translation map (see Appendix A.1).
that on the generic element h ∈ H respectively read
A Hopf-Galois extension is cleft if there exists a convolution invertible morphism of H-comodules j : H → A (called cleaving map), where H has coaction ∆. This is equivalent to an isomorphism A ≃ B ⊗ H of left B-modules and right H-comodules, where B ⊗ H is a left B-module via multiplication on the left and a right H-comodule via id ⊗ ∆. A Hopf-Galois extension is a trivial extension if the cleaving map is also an algebra map.
Commutative Hopf-Galois extensions typically arise when considering principal Gbundles. We outline an example that provides useful geometric intuition in the algebraic constructions we shall consider.
Example 2.2. Let π : P → P/G be a principal G-bundle where G is a semisimple affine algebraic group and P , P/G are affine varieties. Let H = O(G), A = O(P ) and B = O(P/G) be the corresponding algebras of coordinate functions. The group structure of G induces a Hopf algebra structure on H. Since B ⊂ A is the subalgebra of functions constant on the fibers we have B = A coH . Morever O(P × P/G P ) ≃ A⊗ B A and bijectivity of the map P × G → P × P/G P , (p, g) → (p, pg), fully characterizing principal bundles in this context, corresponds to bijectivity of the canonical map χ : It is instructive to rewrite properties (2.5) and (2.6) in terms of the classical translation map t : P × P/G P → G, (p, q) → t(p, q) where q = p t(p, q). They read: t(p, qg) = t(p, q)g and t(pg, q) = g −1 t(p, q) for any (p, q) ∈ P × P/G P and g ∈ G.
Coquasitriangular Hopf algebras.
We begin by recalling basic properties of coquasitriangular Hopf algebras; for proofs we refer e.g. to [20, Ch. 10] 
and similarly for R 13 and R 23 . In components, for all h, k, l ∈ H, these conditions read
A Hopf algebra H is called co(quasi)triangular if it is such as a bialgebra.
Example 2.4. Any commutative bialgebra H is cotriangular with (trivial) universal Rform R = ε ⊗ ε.
Note that if a coquasitriangular bialgebra (H, R) is cocommutative, then it is commutative. Nonetheless, this does not imply that R is trivial: Example 2.5. Let H = CZ be the group Hopf-algebra of the abelian group Z. It is the commutative and cocommutative Hopf algebra generated by an invertible element g,
For every complex number q = 1, this Hopf algebra is coquasitriangular with R-form R q (g n , g m ) = q −nm .
Example 2.6. The FRT bialgebras O(G q ), noncommutative deformations of the algebra of coordinate functions on the Lie groups G of the A, B, C, D series, are coquasitriangular [16] .
Example 2.7. If (H, R) is a coquasitriangular Hopf algebra and γ : H ⊗ H → K is a 2-cocycle on H, then the Hopf algebra H γ with twisted product and antipode (see §4.1) is also coquasitriangular with universal R-form
The R-form of a coquasitriangular bialgebra (H, R) is normalized, that is, for all h ∈ H, 10) and satisfies the Yang-Baxter-Equation 12) from which it also follows R(S(h) ⊗ S(k)) = R(h ⊗ k). Furthermore, the antipode S of H is invertible with inverse S −1 = u R * S * ū R , where
We also have that the monoidal category of right H-comodules M H when (H, R) is coquasitriangular is braided monoidal with braiding given by the H-comodule isomorphisms
(2.14)
We can now recall a key feature of coquasitriangular Hopf algebras: tensor products of comodule algebras are comodule algebras and tensor products of comodule algebra maps are again comodule algebra maps.
is a right H-comodule algebra when endowed with the product
Moreover, if φ : A → E and ψ : C → F are morphisms of H-comodule algebras, i.e. if they are H-equivariant algebra maps, then so is the map φ ⊗ ψ :
where A ⊗ C and E ⊗ F are endowed with the -products.
Proof. Associativity of the product in A ⊗ C is straighforward; the coaction δ A⊗C is also easily seen to be an algebra map because of (2.7), (an explicit proof can be found in [23] , or in [20, Lemma 31 §10.3] ). The statement about morphisms follows by writing
and showing that id A ⊗ φ and ψ ⊗ id F are both algebra maps (this is due to H-equivariance of φ and ψ).
The H-comodule algebra (A ⊗ C, ) is called the braided tensor product algebra of A and C; we denote it by 1 A ⊠ C, and write a ⊠ c ∈ A ⊠ C for a ∈ A, c ∈ C. Similarly, we denote by φ ⊠ ψ := φ ⊗ ψ : A ⊠ C → E ⊠ F , the H-equivariant algebra map resulting from the tensor product of the H-equivariant algebra maps φ : A → E and ψ : C → F . Proposition 2.9. Let (H, R) be a coquasitriangular bialgebra. The category A H of Hcomodule algebras endowed with the above defined tensor product ⊠ becomes a monoidal category, denoted (A H , ⊠).
If we forget the algebra structure the tensor product ⊠ becomes the associative tensor product of H-comodules of the monoidal cat-
We only need to show that this isomorphism is compatible with the algebra structure, so that it is an isomorphism in A H . The equality
follows from the explicit expression (2.15) for the product and the property (2.8) of the R-form. The units in (A ⊠ C) ⊠ E and in A ⊠ (C ⊠ E) trivially coincide. The unit object in (A H , ⊠) is K, seen as an H-comodule algebra (since δ K = η H is an algebra map).
Remark 2.10. The braiding (2.14) of M H defines a braiding 
An important role in the following will be played by the right H-comodule H := (H, Ad), with the right adjoint coaction Ad :
as defined in §2.1, for any Hopf algebra. The notation H is used when considering H as an H-comodule rather than a Hopf algebra. Given an H-comodule V ∈ M H , we denote by
If H is coquasitriangular, one can endow H with a product that structures H as an H-comodule algebra and a braided Hopf algebra (see e.g. [20, §10.3 
.2]):
Proposition 2.11. Let (H, R) be a coquasitriangular Hopf algebra. The right H-comodule H = (H, Ad) becomes an H-comodule algebra when endowed with the product
and unit η : K → H given, as linear map, by the unit η H of H.
Vice versa, the product in the Hopf algebra H can be recovered from that in H by the formula
Given an H-comodule algebra A ∈ A H , with (H, R) coquasitriangular, we denote by Proof. Let be the product in the braided tensor product algebra A ⊠ H given in (2.15). A simple computation shows that for all a, c ∈ A, δ
Unitality of δ A is equivalent to unitality of δ A since the two maps are the same as linear maps.
is called a braided bialgebra associated with H if it is a bialgebra in the braided monoidal category (
and moreover ∆ L is an algebra map with respect to the product m L in L and the product
The braided biagebra L is a braided Hopf algebra if there is a map S L : L → L, called antipode or braided antipode, that satisfies the antipode property (of being the convolution inverse of the identity id : 21) and that is also an H-comodule map.
For later use we recall that the antipode S L : L → L of a braided Hopf algebra L is a braided anti-algebra map and a braided anti-coalgebra map
Example 2.14. The braided Hopf algebra H of a coquasitriangular Hopf algebra (H, R).
Recall that for any Hopf algebra H, the data (H, ∆, ε, Ad) is an H-comodule coalgebra and that for H coquasitriangular (H, · − , Ad) is an H-comodule algebra. These two structures define the braided Hopf algebra
Here, as H-comodule maps, both η : H → K and ∆ : H → H ⊠ H are the same as the counit and coproduct in H, with now ∆ considered as an algebra map for the product · − in H and the -product m H⊠H in H ⊠ H. The antipode S := S H : H → H can be shown to be given, for all h ∈ H, by
For later use we recall that it satisfies:
Lemma 2.15. The braided Hopf algebra H is braided commutative, that is, for all h, k ∈ H, the product satisfies
this equation being equivalent to (2.7).
Proof. By substituting (2.19) in (2.7) and using the basic properties of the R-form R, one obtains that H is braided commutative:
) where in the last passage we used the properties ofR analogous to (2.8).
Lemma 2.16. The following conditions are equivalent to (2.24)
where Q is the convolution product Q = R 21 * R.
Proof. The implication (2.25) ⇒ (2.24) is proven by substituting in the right hand side of (2.24) the expression for h (1) · − k (2) given by relation (2.25). For the converse implication (2.24) ⇒ (2.25) we compute
, where in the last equality we used (2.24).
The equivalence of (2.26) with (2.25) is proven by writing explicitly the convolution product Q:
, where we used the basic property (2.8) of the R-form in the third equality.
We now introduce the notion of quasi-commutative algebra A ∈ A H and provide a few examples.
Definition 2.17. Let (H, R) be a coquasitriangular Hopf algebra. A right H-comodule algebra A ∈ A H is quasi-commutative (with respect to the coquasitriangular structure
for all a, c ∈ A. We denote by A (H,R) qc the full subcategory of A H of quasi-commutative comodule algebras (with respect to the coquasitriangular structure R), where morphisms are H-comodule algebra morphisms.
The first expression (2.27) implies the second (2.28):
Similarly the second expression implies the first one. For future use (see Theorem 2.29) we also prove a third equivalent expression:
Indeed, (2.27) implies (2.29):
On the other hand id⊗ε applied to (2.29) and the normalization property R(1 ⊗ h) = ε(h) give (2.28).
The quasi-commutativity property of A ∈ A H can be equivalently characterized as the compatibility of the multiplication in A with that in the braided tensor product A ⊠ A:
Proof. On the one hand
Example 2.21. Let (H, R) be a coquasitriangular Hopf algebra, the H-comodule algebra (H, ·, ∆) is quasi-commutative if and only if R = ε ⊗ ε is the trivial R-form, and hence H is commutative. The proof is straighforward, comparing the cotriangularity and quasi-commutativity conditions (2.7) and (2.27) we obtain, for all h, k ∈ H,
. Applying the counit ε gives R = ε ⊗ ε, and hence commutativity of H.
Many examples of quasi-commutative algebras arise as twist deformations (see §4.1) of commutative algebras A ∈ A H . More in general, twist deformations of quasi-commutative algebras are quasi-commutative algebras:
and let γ : H ⊗ H → K be a 2-cocycle on H. Consider the Hopf algebra H γ with coquasitriangular structure R γ = γ 21 * R * γ as in Example 2.7. Let A γ ∈ A Hγ be the twisted H γ -comodule algebra of A: this is the K-module A with new product a
, as in Example 2.22 just above, gives the quasi-commutative
Example 2.24. A main example of quasi-commutative comodule algebra is the H-comodule algebra (H, · − , Ad) associated with a cotriangular Hopf algebra (H, R). Indeed cotriangularity reads Q = ε ⊗ ε and then the braided commutativity property (2.26) reduces to the quasi-commutativity property
Quasi-commutativity of H does not imply cotriangularity of H as the following example shows:
be the group Hopf-algebra of the group Z considered in Example 2.5, with R-form R q (g n , g m ) = q −nm for a complex number q = 1. It is coquasitriangular but not cotriangular. Since the adjoint coaction is trivial it is immediate to see that (H = CZ, ·, Ad) is quasi-commutative with respect to R q . More generally, if R is a coquasitriangular structure on a commutative and cocommutative algebra H, then (H, · − , Ad) = (H, ·, Ad) is quasi-commutative since the adjoint coaction is trivial.
Another example of quasi-commutative algebra A ∈ A H with coquasitriangular and not cotriangular Hopf algebra H is:
Example 2.26. Consider the FRT bialgebra O(M q (2)) generated for j, k = 1, 2, by elements u jk , satisfying R for q ∈ C, q = 0. Let H = O(GL q (2)) be the Hopf algebra of coordinate functions of the quantum group GL q (2) which is obtained by extending O(M q (2)) by a central element D −1 , defined to be the inverse of the quantum determinant D := u 11 u 22 − qu 12 u 21 . The Hopf algebra H is coquasitriangular with (not cotriangular) universal R-form
q ) be the algebra of the quantum plane, that is, the algebra generated by two elements x 1 , x 2 with commutation relations x 1 x 2 = q x 2 x 1 . It is well known that A is a O(GL q (2))-comodule algebra with coaction δ(x i ) = x j ⊗ u ji ; it is easily verified that A is quasicommutative with respect to the coquasitriangular structure R defined in (2.30): As mentioned in §2.1, recall that for a generic noncommutative algebra extension, in contrast with the commutative case, the canonical map χ = (m A ⊗ id) • (id ⊗ δ) is just a morphism of relative Hopf modules. Indeed the domain A ⊗ B A itself of χ does not inherits an algebra structure from A ⊗ A and the multiplication m A : A ⊗ A → A is not an algebra map. In this subsection we see that the canonical map of an Hopf-Galois extension with coquasitriangular Hopf algebra is an algebra map, and a morphism in the category (A H , ⊠). 
where the last equality holds because B = A coH . This proves that J is the ideal in A ⊠ A generated by
Since from Remark 2.19 we know that the subalgebra of coinvariants B = A coH of a quasi-commutative algebra A ∈ A (H,R) qc is in the centre of A, we have that A ⊗ B A inherits an algebra structure from A ⊠ A; we denote it by A ⊠ B A. We correspondingly denote by
2 The Hopf algebra O(GL q (2)) admits the one parameter family of coquasitriangular structures R λ (u ij ⊗ u kl ) = λR ik jl , with nonvanishing λ ∈ C. For λ a square root of q −1 , R λ is also a coquasitriangular structure on the quotient Hopf algebra O(SL q (2)). Nevertheless, the comodule algebra
is not quasi-commutative with respect to it. Proposition 2.28. Let (H, R) be a coquasitriangular Hopf algebra, and let A ∈ A (H,R) qc
Proof. The triple (A⊠A, , δ A ⊠A ) is an H-comodule algebra because (A H , ⊠) is a monoidal category for H coquasitriangular (cf. Proposition 2.9). The balanced tensor product A ⊠ B A is the quotient of A ⊠ A via the ideal and H-subcomodule J generated by B ⊗ 1 − 1 ⊗ B. The H-comodule algebra structures of A ⊠ A are therefore induced on the quotient A ⊠ B A.
The results on H-comodule algebras and morphisms established so far are profitably applied to the study of the canonical map. Recalling the map δ A : A → A ⊠ H associated with an H-comodule algebra A (cf. Proposition 2.12), we have: Theorem 2.29. Let (H, R) be a coquasitriangular Hopf algebra and A ∈ A (H,R) qc a quasicommutative H-comodule algebra. Let B = A coH be the corresponding subalgebra of coinvariants. Then the canonical map
is a composition of (well-defined) H-comodule algebra maps and thus a morphism in A H .
Proof. The map (id
is an H-comodule algebra map because tensor product of H-comodule algebra maps (cf. Proposition 2.12 and Proposition 2.8 or 2.
9). The quotient
From Proposition 2.18 we know that m A : A ⊠ A → A is an H-comodule algebra map when A is quasi-commutative. It induces a well-defined H-comodule algebra map on the quotient m : A ⊠ B A → A. Then m ⊠ id : A ⊠ B A ⊠ H → A ⊠ H is an H-comodule algebra map because tensor product of comodule algebra maps.
As a corollary of the above proposition we have that the translation map
is an algebra map, and hence an H-comodule algebra map. Explicitly,
For later use in Proposition 3.3 we prove the following key properties of the translation map, while the first one (2.32) concerns τ just as a linear map, the second one (2.33) uses that τ is an algebra map.
(H,R) qc be a quasi-commutative H-comodule algebra. The translation map satisfies the identity
Here for the third equality we used the quasi-commutativity of the comodule algebra A and for the later equalities just the properties of the R-form. Next, we use properties (2.5) and (2.6) to rewrite the previous identity:
where for the last equality we used the explicit expression of S as from (2.23). By applying χ −1 to both sides we obtain (2.32). The identity (2.32) just shown directly implies the second part of the lemma; indeed
• ε H , using in the second line that τ is an algebra map and the antipode property (2.21).
Remark 2.31. If H is commutative with trivial R-form, R = ε ⊗ ε, then A ∈ A (H,R) qc is commutative and property (2.32) simply reads τ (S(h)) = flip • τ (h) ∈ A ⊗ B A. In particular, let B = A coH ⊆ A be the Hopf-Galois extension of the principal G-bundle π : P → P/G considered in Example 2.2. Then the property τ (S(h)) = flip • τ (h) of the pull-back τ = t * corresponds by duality to the property t(q, p) = t(p, q) −1 , p, q ∈ P of the classical translation map. Similarly, property (2.33) corresponds by duality to t(q, p)t(p, q) = e, the neutral element of G.
When (H, R) is a cotriangular bialgebra, the category A (H,R) qc of quasi-commutative H-comodule algebras with the braided tensor product ⊠ becomes a braided monoidal category. Moreover, the canonical map is a morphism in A (H,R) qc . Proposition 2.32. Let (H, R) be a cotriangular bialgebra. The braided tensor product of quasi-commutative H-comodule algebras is a quasi-commutative H-comodule algebra.
Proof. Let A, C ∈ A H be quasi-commutative, then for all a, a ′ ∈ A and c, c
where we used definition of the -product and the quasi commutativity of A and C. On the other hand,
) . This coincides with the previous expression since, using the cotriangularity of H, one can simplify R(c
As a direct consequence of this proposition we have:
Corollary 2.33. Let (H, R) be a cotriangular Hopf algebra. The category A (H,R) qc endowed with the braided tensor product ⊠ is a full sub-monoidal category of (A H , ⊠).
From Theorem 2.29 we then have: 
The gauge group
In the classical (commutative) case one way to characterize the group G P of gauge transformations of a principal G-bundle π : P → P/G is as the group of G-equivariant maps,
1) where G is a right G-space with respect to the right G-adjoint action. The group structure is by pointwise product: (σσ)(p) = σ(p)σ(p), for all σ,σ ∈ G P and p ∈ P . An equivalent description of the gauge group is as the subgroup of principal bundle automorphisms which are vertical (project to the identity on base space):
with group law given by map composition. The equivalence of these two definitions is well know [17, §7.1]
A dual description in terms of algebras rather than spaces leads to the notion of gauge group on a commutative Hopf-Galois extension B = A coH ⊆ A, where A is an Hcomodule algebra and H is a commutative Hopf algebra. Let's for example consider the affine varieties case treated in Example 2.2, where
The gauge group G P in (3.1) of G-equivariant maps corresponds to that of H-equivariant maps (or H-comodule maps) that are also algebra maps
The algebra map property for the pull-back f = σ * : H → A automatically follows from the definition of the pointwise product in H = O(G) and A = O(P ): for all h, k ∈ H, p ∈ P , we have f(hk)(p) = (hk)(σ(p)) = h(σ(p)k(σ(p)) = (f(h)f(k))(p). The group structure is given by the convolution product.
Similarly, the vertical automorphisms description (3.2) of the gauge group corresponds to that of H-equivariant maps
In case of noncommutative Hopf-Galois extensions the algebra map condition in these definitions is in general very restrictive. This should not come as a surprise: already algebra automorphisms for noncommutative algebras are very constrained with respect to the commutative case 3 . In [3, §5] this issue was faced by relaxing the notion of gauge group (G A respectively Aut B (A)): gauge transformations are no longer algebra maps; they are defined to be comodule maps that are invertible and unital (invertible with respect to the convolution, respectively composition product). In this relaxed, no algebra maps, context it was shown that the isomorphism G A ≃ Aut B (A) between the two descriptions still holds. However, a drawback of this approach, besides the extra requirement of invertibility of the maps, is that the resulting gauge groups are very big, even in the classical case. For example the gauge group of the principal G-bundle on a point G → { * } is much bigger than the structure group G as the following example shows.
and counit ε(p e ) = 1 and ε(p u ) = 0. The trivial Z 2 -principal bundle over a point is dually described as the Hopf-Galois extension B ⊆ A, where A = H with coaction ∆ and resulting algebra of coinvariants B = C. Since A = H is the linear span of p e and p u and the condition F | B = id : B → B is just that of C-linearity of the map F : A → A we consider linear maps
Unitality of F requires b = 1 − a and c = 1 − d; invertibility of F requires a + d = 1.
Finally, H equivariance, that is ∆F = (F ⊗ id)∆, leads to a = d. Summing up, the group of these maps is the GL(2, C)-subgroup
If one imposes the additional condition that the maps F are algebra maps this group collapses to a much smaller one. Indeed, the requirement
for all (x, y) and (x ′ , y ′ ) in C 2 , forces a = 1 or a = 0. Thus the resulting group is
that is the expected group of gauge transformations.
We shall work in the noncommutative setting of the monoidal category (A H , ⊠). In this context we show that it is natural to define the gauge group of vertical automorphisms as in (3.4) , that is, to require vertical automorphisms F to be algebra maps. Similarly, G A is defined as the group of H-equivariant algebra maps f : H → A. The issue of the lack of algebra maps is therefore in this case overcome by properly choosing the algebra structure on H, namely the multiplication · − of the braided Hopf algebra H rather than that of the Hopf algebra H.
We begin by studying this latter space G A of H-equivariant algebra maps f : H → A. We then consider the gauge group Aut B (A) of vertical automorphisms, prove its equivalence with G A and present examples.
3.1. The gauge group G A of H-equivariant algebra maps H → A. of H-equivariant algebra maps H → A is a group with respect to the convolution product * . The inverse of f ∈ G A is given byf := f • S.
Proof. Given f, g ∈ Hom A H (H, A), the product f * g is an H-comodule map; for all h ∈ H,
where we used that δ A is an algebra morphism and that both f and g are H-comodule morphisms. Then
The product f * g is also an algebra map. Recall from (2.20) that ∆ H is an algebra map with respect to the products · − in H and in the braided tensor product algebra
where for the second equality we used that f, g are algebra maps, while for the third one that they are H-comodule maps. The fourth equality follows from the quasi-commutativity of A.
Any f : H → A is convolution invertible, with inversef := f • S; indeed (recalling the antipode defining property (2.21))
)) = ε(h)1 A , and similarlyf * f = 1 A ε. The mapf is an H-comodule map because composition of H-comodule maps. In order to prove thatf ∈ G A = Hom A H (H, A) we are left to show thatf is an algebra map. This is immediate if the Hopf algebra H is cotriangular, because in this case the braided antipode S is an algebra map. In the coquasitriangular case, with A quasi-commutative, few more passages are needed. We evaluate the algebra map f on
h, k ∈ H, this being the braided anti-algebra map property (2.22) of the braided antipode. We compute
where for the last but one equality we used that f is a morphism of comodules and for the last equality we used quasi-commutativity of the algebra A, as defined in (2.28) .
3.2. The gauge group Aut B (A) of vertical automorphisms.
For Hopf-Galois extensions
we show that Aut B (A), defined as in the commutative case in (3.4), is a group of automorphisms.
In the commutative case Aut P/G (P ), as defined in (3.2), is a group, the gauge group of the principal G-bundle P → P/G. Indeed any vertical bundle morphism ϕ : P → P is invertible: the identities ϕ(p) = p t(p, ϕ(p)) and t(q, p)t(p, q) = e ∈ G yield ϕ −1 (p) = p t(ϕ(p), p). Here t is the translation map t : P × P/G P → G, (p, q) → t(p, q) with q = p t(p, q), (cf. also Example 2.2). The dualization of this construction, that uses the translation map τ = t * , leads to the following 
is given by
where χ −1 | 1⊠H is the translation map.
Proof. The map F −1 is well-defined because F ⊠ B id is well-defined due to the B-linearity of F. We show F −1 ∈ Aut B (A). Clearly F 4 The reversed composition order F · G = G • F stems from the contravariant property of the pull-back ϕ → F = ϕ * used in the commutative case A = O(P ). The expression for the inverse map
is induced from that of ϕ −1 .
20
We recall the identity
To show that F −1 • F = id we evaluate F −1 , as from definition (3.7), on F (a) and use that F is H-equivariant and that it is an algebra map:
To show that F • F −1 = id requires property (2.33) of the translation map. Firstly, by applying m • (id ⊗ B F) to the identity a (0) τ (a (1) ) = 1 ⊗ B a we obtain
Then we replace a with F −1 (a), use that F −1 is a comodule map and obtain
Next, the use of quasi-commutativity of A and of the H-comodule algebra map property of F gives
. 
Finally, property (2.34) of the translation map implies
Indeed, even if in general ω is not the identity on B, ω(B) ⊆ B being ω a morphism of H-comodules.
as claimed. Therefore the gauge group G A of an H-Hopf-Galois extension depends only on the isomorphism class of the extension, rather than the single representative.
Equivalence of the gauge groups and examples.
We show the equivalence G A ≃ Aut B (A) and provide examples by considering either one of these two definitions of gauge group. We determine the gauge groups of Hopf-Galois extensions that are trivial or that have cocommutative Hopf algebra. 
with inverse
Proof. As mentioned after equation (3.4) , without the requirement that elements of G A and Aut B (A) are algebra maps, the group isomorphism was proven in [3, §5] using the linear map
we restrict to gauge transformations that are algebra maps. Since θ A restricts as a linear map to θ A in (3.8) we just have to show that when f is an algebra map, the corresponding F f is an algebra map and vice versa. This is so because F f is the composition of the algebra maps m A , id A ⊠ f and δ A , and similarly, for f F .
Remark 3.6. When the Hopf algebra H and the H-comodule algebra A are both equipped with compatible * -structures, that is such that the coaction is a * -algebra map, the morphisms which constitute the gauge group G A ≃ Aut B (A) will also be required to be compatible with the * -structures.
Example 3.7. Classical Galois field extensions. Let E be a field, K ⊆ E, G = {g i } a finite group acting on E as automorphisms of E. Let F ⊇ K be the fixed field of the G action. By Artin's theorem if the G-action is faithful, E is a Galois extension of F and G is its Galois group (that is, the group of authomorphisms of E that leave F invariant). The G action a → g i (a), a ∈ E, induces a coaction of the dual (KG) * of the group algebra KG,
here {β i } is the basis of (KG) * dual to the basis {g i } of KG. In [26, §8.1.2] it is proven that E is a Galois field extension of F with Galois group G if and only if the K-algebra E is a Hopf-Galois extension of F = E co(KG) * . In this case consider the trivial coquasitriangular structure on (KG) * . The gauge group Aut F (E) consists of maps F ∈ G which are also morphisms of (KG) * -comodules, δF = (F ⊗ id)δ. This is equivalent to require that Fg i = g i F for each i. Thus G E = Z(G), the center of the Galois group.
Example 3.8. Graded algebras. Let G be a group, with neutral element denoted by e, and let H = KG be its group algebra. An algebra A is G-graded, that is A = ⊕ g∈G A g and A g A h ⊆ A gh for all g, h ∈ G, if and only if A is a right KG-comodule algebra with coaction δ : A → A ⊗ KG, a → a g ⊗ g for a = a g , a g ∈ A g . Moreover, the algebra A is strongly G-graded, that is A g A h = A gh , if and only if A e = A co(KG) ⊆ A is Hopf-Galois (see e.g. [26, Thm. 8 
.1.7]). One can easily see that
Let now H = KG be coquasitriangular and A be quasi-commutative, then Proposition 3.3 shows that Hom Ae A KG (A, A) is a group, the gauge group Aut Ae (A) of the Hopf-Galois extension A e ⊆ A. Notice that H = KG coquasitriangular implies H commutative and hence G abelian (cf. observation after Example 2.4). In the case G = Z, with H = CZ = O(U(1)), then the Hopf-Galois extension A e ⊆ A is a noncommutative principal U(1)-bundle. Examples with G = Z n , H = CZ n = O(T n ), and A e = C include Example 3.10 and Example 4.15 (noncommutative principal U (1) n bundles).
Example 3.9. Principal G-bundle over a point. Let G be an affine algebraic group, this is a subgroup of GL(n, C) and an affine space, the zero locus of a set of polynomial equations in affine space C n 2 +1 . The algebra of coordinate functions O(G) is then the quotient C[u ij , det −1 ]/I of the commutative algebra freely generated by n 2 + 1 indeterminates u ij , det −1 modulo the (prime) ideal I generated by the polynomial equations in C n 2 +1 . 
The algebra O(G) is a Hopf algebra with costructures
the costructures on det −1 are dictated from the relation det(u ij ) det
Let us consider the principal G-bundle G → { * } over a point, or dually the Hopf-Galois extension C ⊆ O(G), where A = O(G) is a comodule algebra with coaction of H = O(G) given by the coproduct. We compute its gauge group Aut C (A) = Hom C A H (A, A) = Hom A H (H, H) showing that, as expected, it is a copy of G.
H-equivariance of F : H → H reads ∆(F(h)) = F(h (1) ) ⊗ F(h (2) ) and implies F(h) = (ε ⊗ id)∆(F(h)) = ε(F(h (1) )) h (2) ; furthermore, since F is an algebra map it is determined by its value on the generators u ij , and hence we see that F is determined by the complex valued matrix F = (F ij ) with F ij = ε(F(u ij )). Explicitly,
Finally, the compatibility F(I) = 0 with the ideal I defining O(G), and the algebra map property of F imply that ε(F(u ij )) satisfy the same polynomial equations that define G as a zero locus in affine space. This determines a one-to-one correspondence between matrices in G ⊆ GL(n, C) and the matrices F = (F ij ), thus showing that Aut C (A) = Hom A H (H, H) ≃ G. This bijection is a group isomorphism since
for F and F ′ corresponding respectively to the matrices F and F ′ .
Example 3.10. Principal torus bundle over a point. This is the sub-case of the previous example with G = T n ⊂ SL(2n, C), and the addition of a * -structure. We will consider its noncommutative deformation in the next section. Let O(T n ) be the commutative algebra of polynomial functions on the n-torus with generators t j , t * j satisfying t j t * j = 1 = t * j t j (no sum on j) for j = 1, . . . n. It is a * -Hopf algebra with costructures as in (3.9), with diagonal matrix
, is a Hopf-Galois extension of B = C. As in Example 3.9 we determine its gauge group Aut B (A) = Hom B A H (A, A) = Hom A H (A, A) of vertical automorphisms by setting λ i = ε(F (t i )), λ * i = ε(F (t * i )) and observing that we only have the relations λ i λ * i = 1. Thus as groups Aut B (A) ≃ T n .
In the commutative case the gauge group of a principal G-bundle π : P → M is isomorphic to the group of maps from M to G if the bundle is trivial (see e.g. . Then R is trivial, H and A are commutative, and the gauge group G A coincides with the group (with convolution product * ) of algebra maps from H to B:
Proof. For a trivial extension with B in the centre of A, the cleaving map gives the isomorphism A ≃ B ⊗H in A (H,R) qc , with coaction δ = id⊗∆. This implies that H is quasicommutative, and therefore, cf. Example 2.21, H is commutative with trivial R-form, so that A is commutative as well. As for the gauge group G A = Hom A H (H, B ⊗ H), observe first that the braided Hopf algebra H is isomorphic as a Hopf algebra to H. Indeed, since R is trivial, the product in H equals that in H and the braiding Ψ R H,H is trivial. Next, each f : H → B ⊗ H in G A determines an algebra map α f := (id ⊗ ε) • f : H → B. Conversely, with any algebra map α : H → B, one has a map f α := (α ⊗ id) • Ad : H → B ⊗ H (cf. [3, Thm. 5.4] ). It is easy to verify that f α is a morphism of H-comodules:
It is also an algebra map being a composition of such maps:
It is easy to see that α fα = α and also f α f = f, being f a comodule map, so that (f ⊗id)Ad = (id ⊗ ∆)f.
We note that while trivial Hopf-Galois extension B ⊆ A ∈ A The gauge group of a principal G-bundle π : P → M is isomorphic to the group of maps from M to G also in the case where G is abelian. For Hopf-Galois extensions we have a similar result if the Hopf-algebra is cocommutative. A coquasitriangular Hopf algebra (H, R) which is cocommutative is also commutative (cf. (2.7) and comments after Example 2.4). The interest in this case is that since the R-form can be nontrivial, the Hopf-Galois extension B = A coH ⊆ A can nevertheless be noncommutative. The gauge group is however independ from A: Lemma 3.12. Let (H, R) be a coquasitriangular and cocommutative Hopf algebra, and let
be a Hopf-Galois extension. Then its gauge group G A coincides with the group (w.r.t. the convolution product * ) of algebra maps from H to B:
Proof. Since H is cocommutative, the adjoint coaction Ad is trivial, so the product in H equals that in H (which is commutative due to coquasitriangularity) and the braiding Ψ R H,H is trivial. Thus, the associated braided Hopf algebra H is isomorphic to H as a Hopf algebra. Triviality of the adjoint coaction implies that each H-equivariant K-linear map f : H → A satisfies δf(h) = f(h) ⊗ 1, that is the image of f is contained in the subalgebra B of coinvariants. In particular H-equivariant algebra maps f ∈ G A = Hom A H (H, A) are algebra maps f : H → B, then algebra maps f : H → B. (2)) be the Hopf * -algebra of coordinate functions on the matrix group SU(2), with generators denoted u ij , i, j = 1, 2. Let H = O(U(1)) be the (cocommutative) Hopf * -algebra of coordinate functions on the (abelian) subgroup U(1). The Hopf algebra H is a quantum subgroup of A, that is, H is the quotient of A by the Hopf ideal I Q = u 12 , u 21 . There is a natural coaction of H on A, δ := (id ⊗ π) : A → A ⊗ H, which is simply given by the restriction of the coproduct of A via the projection map π : A → A/I Q ≃ H. The subalgebra of coinvariants can be identified with the algebra of polynomial functions on the two-sphere, B = O(S 2 ). By the principality of the classical bundle SU(2) → SU(2)/U(1) ≃ S 2 it follows that the algebra extension O(S 2 ) ⊂ O(SU (2)) is Hopf-Galois. By Lemma 3.12, the gauge group of the Hopf-Galois extension O(S 2 ) ⊂ O(SU (2)) is given by
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Dualizing to spaces, since all elements in O(U(1)) are group-like, the convolution product corresponds to the pointwise product and we obtain G A ≃ ({f : S 2 → U(1)}, ·) as expected.
Example 3.14. Lemma 3.12 provides another way to compute the gauge group of the O(T n )-Hopf-Galois extension C ⊆ O(T n ) considered in Example 3.10:
that is, G A is the set of characters of the algebra O(T n ), thus G A = T n .
Deformations by 2-cocycles
A general theory of Drinfeld-twist deformation of Hopf-Galois extensions was developed in [5] . We specialise this theory to coquasitriangular Hopf algebras (so that the canonical map is an algebra map) and study the corresponding gauge groups in the context of the theory presented in the previous section.
Twisting comodule algebras and coalgebras by 2-cocycles.
We first recall some relevant results from the general theory of 2-cocycle deformations of algebras and comodules [13, 14, 12] ; we follow [5, §2.2].
Let H = (H, m, 1 H , ∆, ε, S) be a Hopf algebra. Definition 4.1. A unital convolution invertible 2-cocycle, or simply a 2-cocycle, on H is a K-linear map γ : H ⊗ H → K which is unital, i.e. γ (h ⊗ 1) = ε(h) = γ (1 ⊗ h), for all h ∈ H, invertible with respect to the convolution product and satisfies the 2-cocycle condition
For γ a 2-cocycle, we denote byγ : H ⊗ H → K its convolution inverse. The condition (4.1) can be equivalently written in terms ofγ as
Given a 2-cocycle γ on H, the map m γ := γ * m * γ,
3) for h, k ∈ H, defines an associative product on (the K-module underlying) H. The resulting algebra H γ := (H, m γ , 1 H ) is a Hopf algebra with coproduct ∆ and counit ε that are those of H, and with antipode S γ := u γ * S * ū γ , where
(one the convolution inverse of the other).
The passage from H to H γ affects also the category M H of (right) H-comodules. Since the comodule condition (1.1) only involves the coalgebra structure of H, and H γ coincides with H as a coalgebra, any H-comodule V ∈ M H with coaction δ V is a right H γ -comodule when δ V is thought of as a map δ V : V → V ⊗ H γ . When thinking of V as an object in M Hγ we denote it by V γ and the coaction by δ Vγ :
Indeed there is a functor Since the convolution inverseγ twists back H γ to (H γ )γ = H and V γ to (V γ )γ = V , the functor Γ is an equivalence of categories.
We denote by (M Hγ , ⊗ γ ) the monoidal category of comodules for the Hopf algebra H γ . Explicitly, for all objects V γ , W γ ∈ M Hγ (with coactions δ Vγ and δ Wγ ), the right
is an equivalence between the monoidal categories (M H , ⊗) and (M Hγ , ⊗ γ ).
The functor Γ induces an equivalence of categories of comodule algebras
which is not the identity on objects any longer. Given an object A ∈ A H with multiplication m A and unit η A , in order for the coaction δ Aγ to be an algebra map one has to define a new product on A γ = Γ(A). The new algebra structure m Aγ , η Aγ on A γ ∈ A Hγ is defined by using the components ϕ -,-in (4.7) of the natural isomorphism ϕ, and by requiring the commutativity of the diagrams
in the category M Hγ . Explicitly we have η Aγ = η A and the deformed product reads as
As for morphisms, for any A H -morphism ψ :
With similar constructions, for A, C ∈ A H , one obtains equivalences
for the categories of relative Hopf-modules.
The functor Γ also induces an equivalence of categories of comodule coalgebras
Each H-comodule coalgebra C with costructures (∆ C , ε C ) is mapped to the H γ -comodule coalgebra C γ = Γ(C) with costructures (∆ Cγ , ε Cγ ) defined by the commutativity of the diagrams
( ( P P P P P P P P P P P P P P
in the category M Hγ . The deformed coproduct explicitly reads
while ε C γ = ε C . As before, Γ acts as the identity on morphisms.
Example 4.3. The right H-comodule H = (H, Ad) is a comodule coalgebra with coproduct and counit those of the Hopf algebra H, ∆ H = ∆ H and ε H = ε H . Its twist deformation
On the other hand, given a twist γ on H, we have a second H γ -comodule coalgebra. It is given by the right H γ -comodule H γ = (H γ , Ad γ ) with coaction
and coproduct and counit those of the twisted Hopf algebra H γ , that is, those of H:
We recall from [5, Thm. 3.4] that the comodule coalgebras H γ and H γ are isomorphic:
is an isomorphism of right H γ -comodule coalgebras, with inverse
4.2. The coquasitriangular case.
In this section we consider 2-cocycles on coquasitriangular Hopf algebras and study twisted associated bialgebras.
Recall that if H is coquasitriangular, the category A H is monoidal (see Proposition 2.9). Also, as mentioned in Example 2.7, if R is the universal R-form of H, the twisted Hopf algebra H γ is coquasitriangular with universal R-form R γ = γ 21 * R * γ. Proposition 4.5. Let (H, R) be a coquasitriangular Hopf algebra and γ a 2-cocycle on H. There is an equivalence of monoidal categories between (A H , ⊠) and (A Hγ , ⊠ γ ) given by the functor Γ : A H → A Hγ in (4.8) and the isomorphisms in A
with A γ ⊠ γ C γ the braided tensor product of the algebras A γ and C γ , and (A ⊠ C) γ the image via Γ of the braided tensor product of the algebras A and C. (Cf. Proposition 4.2.) Proof. Due to Proposition 4.2 we just need to prove that the isomorphisms ϕ A,C in M Hγ are also algebra maps:
for all a, a ′ , ∈ A γ , c, c ′ ∈ C γ . Here the -product on the l.h.s. is the product in the braided tensor product algebra A γ ⊠ γ C γ (defined as in (2.15) ), while the γ -product on the r.h.s. is the twist deformation (as in definition (4.9)) of the -product in the tensor product algebra A ⊠ C.
We prove (4.17) by first evaluating it on specific products and then using the associativity of the multiplications and γ . Firstly we show that
having also used the 2-cocycle condition (4.2) for the fourth and fifth equalities. Since ϕ A,C (a ⊠ γ 1 C ) = a ⊠ 1 C , the identity (4.18) just expresses the fact that ϕ A,C are isomorphisms in Aγ M for the obvious left action of A and A γ on A ⊠ C and A γ ⊠ γ C γ respectively, see (4.10) . Similarly, since the ϕ A,C are isomorphisms in M Cγ , we have
Finally we have
where in the third line we used that R γ = γ 21 * R * γ (cf. (2.9)). Thus on the generic product of two elements (a 
In the context of coquasitriangular Hopf algebras in addition to the twist deformation of comodule algebras and comodule coalgebras (considered in §4.1) one next deforms braided bialgebras associated with H (see Definition 2.13).
L ) be a braided bialgebra associated with a coquasitriangular Hopf algebra (H, R), and γ a 2-cocycle on
as an H-comodule coalgebra gives the braided bialgebra (L γ , m Lγ , η Lγ , ∆ Lγ , ε Lγ , δ Lγ ) associated with the twisted Hopf algebra H γ . That is, L γ is a bialgebra in the braided monoidal category (M
Proof. By the general theory, the H γ -comodule L γ = Γ(L) is an H γ -comodule algebra with unit 1 Lγ = 1 L (or η Lγ = Γ(η L )), and deformed product m Lγ given by (4.9):
, and deformed coproduct ∆ Lγ given by (4.12):
Lγ ) to be a braided bialgebra associated with the twisted Hopf algebra H γ it suffices to show (cf. Definition 2.13) that ∆ Lγ is an algebra map with respect to the product m γ in L γ and the product m Lγ
On the one hand,
where we have used that L is a braided bialgebra associated with H (cf. (2.20) ). On the other hand, the maps ϕ −,− satisfy
as it can be verified on generic elements in L γ ⊠ γ L γ by using that L is an H-comodule coalgebra (cf. equation (1.3) ). Thus,
by using in the third equality that ϕ −,− are algebra maps (cf. (4.17) ).
If in addition L has an antipode S L (by assumption an H-comodule map), its image under Γ,
, is an H γ -comodule map. We show it is an antipode for the twisted bialgebra L γ . One easily verifies the equality
Example 4.8. Let H be the braided Hopf algebra associated with a coquasitriangular Hopf algebra (H, R) (cf. Example 2.14). Given a 2-cocycle γ on H, by Proposition 4.7 we have the braided Hopf algebra
associated with the twisted Hopf algebra H γ . It is given by the H γ -comodule coalgebra H γ of Example 4.3 endowed with the product
This is the twist deformation of the product
In terms of the product in H, the product h · − γ k is written as
In addition to the braided Hopf algebra H γ there is also the braided Hopf algebra H γ of the coquasitriangular Hopf algebra (H γ , R γ ), cf. Example 2.14. The product in H γ is as in (2.18) : for all h, k ∈ H γ , one has
Recalling the product and antipode in
, and S γ = u γ * S * ū γ , we can rewrite h · γ k as
The braided Hopf algebras H γ and H γ are isomorphic:
Theorem 4.9. The K-linear map Q : H γ −→ H γ in (4.14) with inverse in (4.15) is an isomorphism of braided Hopf algebras associated with H γ .
Proof. We know from Theorem 4.4 that the map Q is an isomorphism of H γ -comodule coalgebras. We are left to show that Q is an algebra morphism. It maps the unit of H γ to the unit of H γ . In H γ the product is given by formula (4.21). Thus we have
where for the last equality we used the cocycle property (4.2). Next we use the coquasitriangularity of H to rewrite
and obtain
On the other hand
where we used
that follows from the basic properties of a 2-cocycle. Then, using the explicit formula for the product h · γ k given in (4.23), we have
where to obtain the last equality we used the cocycle condition (4.1) on the product (13) ). Using once again this condition on the productγ (S(k (5) )S(h (6) 
we finally obtain
Twisting Hopf-Galois extensions.
The deformation by 2-cocycles of Hopf-Galois extensions was addressed in [5] for a general Hopf algebra H. When H is coquasitriangular one has an additional algebra structure.
Let (H, R) be a coquasitriangular Hopf algebra, and A ∈ A (H,R) qc a quasi-commutative H-comodule algebra. Consider the algebra extension B = A coH ⊆ A. Let γ be a 2-cocycle on H, and consider A γ ∈ A (Hγ ,Rγ ) qc and the corresponding algebra extension B γ = A coHγ γ ⊆ A γ . Since the coactions δ A : A → A ⊗ H and δ Aγ : A γ → A γ ⊗ H γ coincide, B γ = B as K-modules; they also coincide as algebras since B carries a trivial H-coaction so that m Bγ = m B (see (4.9) ). From Theorem 2.29 both canonical maps
are comodule algebra maps. In the context of coquasitriangular Hopf algebras and quasicommutative comodule algebras, Theorem 3.6 of [5] can be sharpened:
coincides with
Observe that
where for the first equality we used (the inverse of) formula (4.9) to express the product in A in terms of the product • γ in A γ and for the second one H-equivariance of f : H → A.
The equality (Γ • θ A )f = (θ Aγ • Γ Q )f then follows from the identity
for all h, k ∈ H. This is shown by using the cocycle condition and the definition of u γ in (4.4), (see [5, Lemma 3.2] ).
Example 4.14. Noncomutative principal bundle over a point. Let us consider a commutative Hopf algebra H with trivial R-form, and the trivial Hopf-Galois extension K ⊆ H with H-coaction given by the coproduct ∆ (and cleaving map j = id H : H → H).
Let γ be a 2-cocycle on H. The commutative Hopf algebra (H, R = ε ⊗ ε) is twist deformed to the cotriangular Hopf algebra (H γ , R γ = γ 21 * γ). The total space algebra coO(T n ) ⊆ O(T n θ ) with total space the noncommutative torus T n θ with generators t j , t * j satisfying t i t * i = t * i t i = 1, t j t k = e iπθ jk t k t j and t j t * k = e iπθ kj t * k t j , for θ jk = −θ kj ∈ R, and with structure group the Hopf algebra O(T n ).
As in Example 3.9 and 3.10, the O(T n )-comodule map and the algebra map properties of a gauge transformation F : O(T n θ ) → O(T n θ ) imply that this is determined by t j → F (t j ) = λ j t j and t * j → F (t * j ) = λ * j t * j , with complex numbers satisfying |λ j | 2 = 1. This shows that, independently from the noncommutativity of the generators, the gauge transformations are parametrized by λ j ∈ S 1 . Hence the gauge group is isomorphic to the n-dimensional torus T n , the same of the commutative Hopf-Galois extension
This result is consistent with the use of Proposition 4.12 for the Hopf-Galois extension
is determined by its value on the generators,
and defined on the whole algebra by requiring γ (xy ⊗ z) = γ (x ⊗ z (1) ) γ (y ⊗ z (2) ) and
, for all x, y, z, ∈ O(T n ). Being the Hopf algebra H = O(T n ) cocommutative, one now obtains H γ = H.
Remark 4.16. When comparing the result of the previous example with Remark 3.4, we see that non isomorphic Hopf-Galois extensions C ⊆ O(T n θ ) (obtained from non cohomologous twists) have isomorphic gauge groups. This is a general feature occuring when starting with a cocommutative Hopf algebra H, which is hence transparent to the twist so that H γ = H (cf. equation (4.3) ).
Example 4.17. Noncomutative principal SO(2n)-bundle over a point. We specialise Example 4.14 to H = O(SO(2n, R)), the algebra of coordinate functions on SO(2n, R). Let O(M(2n, R)) be the commutative * -algebra over C with generators a ij , b ij , a * ij , b * ij , i, j = 1, . . . n. It is a bialgebra with coproduct and counit given in matrix notation as
.
Here
⊗ denotes the combination of tensor product and matrix multiplication, I 2n is the identity matrix and capital indices I, J run from 1 to 2n. The Hopf algebra of coordinate functions on SO(2n, R) is the quotient O(SO(2n, R)) = O(M(2n, R))/I Q where I Q is the bialgebra ideal defined by
The algebra A := O(SO(2n, R)) is an O(SO(2n, R))-comodule algebra with coaction the coproduct ∆. The corresponding Hopf-Galois extension C ⊆ O(SO(2n, R)) is trivial and has gauge group 27) the set of characters of O(SO(2n, R)) with group multiplication the convolution product.
Next we consider a 2-cocycle γ on a maximal torus in O(SO(2n, R)). Let O(T n ) be the commutative * -Hopf algebra of functions on the n-torus as considered in Example 3.10. It is a quantum subgroup of O(SO(2n, R)) with projection
We use the 2-cocycle γ on O(T n ) given in (4.26) . This lifts by pullback to a 2-cocycle on O(SO(2n, R)), that we still denote by γ,
The twisted Hopf algebra H γ = O(SO(2n, R)) γ has product (4.3):
Explicitly, for λ ij = exp(2iπθ ij ), these read
together with their * -conjugated. Moreover,
The twisted Hopf algebras O(SO(n, R)) γ were studied in [27, 28, 9] (see also [5, §4.1]).
The comodule algebra (A = O(SO(2n, R)), ∆) is deformed to a comodule algebra (A γ = O(SO(2n, R)) •γ , ∆) with product (4.9). On the generators one has
and hence they have the commutation relations
Explicitly,
is cleft (but no longer trivial) and has gauge group G Aγ isomorphic to G A in (4.27).
Remark 4.18. We stress that the gauge group G Aγ is not the group of characters of the braided Hopf algebra H γ associated with the Hopf algebra H γ = O(SO(2n, R)) γ (see comment after Lemma 3.11). Indeed H γ ≃ H γ is genuine noncommutative. The generators of the algebra H γ have product (4.20):
, where we used that the product · − coincides with that in H = O(SO(2n, R)) since R is trivial. By using the properties of the abelian cocycle γ this product leads to commutation relations
We see that in general the algebra H γ ≃ H γ is noncommutative, with less characters than the commutative algebra H = O(SO(n, R)).
Example 4.19. Noncomutative principal bundles over affine varieties. For a general principal G-bundle, π : P → P/G, with G a semisimple affine algebraic group and P , P/G affine varieties, as in Example 2.2 we consider the O(G)-Hopf-Galois extension O(P/G) ⊆ O(P ). Given a 2-cocycle γ on O(G), the gauge group of the twisted O(G) γ -Hopf-Galois extension O(P/G) ⊆ O(P ) γ , is isomorphic to the gauge group of π : P → P/G.
Tensoring Hopf-Galois extensions.
The fiber product of a G-principal bundle P → M with a G ′ -principal bundle
The corresponding gauge group is the product of the initial gauge groups. In view of the next examples, we consider the analogue of this fiber product construction for Hopf-Galois extensions. Let H and K be Hopf algebras and consider an H-Hopf-Galois extension B = A coH ⊆ A and a K-Hopf-
Assuming that B is in the center of both A and A ′ , the balanced tensor product A ⊗ B A ′ inherits an algebra structure from the tensor product algebra A ⊗ A ′ . It is a comodule algebra for the Hopf algebra H ⊗ K (with usual tensor product algebra and coalgebra structures) with coaction
. If (H, R) and (K, R ′ ) are coquasitriangular then (H ⊗ K, R ′′ ) is coquasitriangular with
be Hopf-Galois extensions, with the additinal assumption that both A, A ′ are flat as B-modules. Then the gauge group of the tensor product
′ is isomorphic to the direct product of the gauge groups of the Hopf-Galois extensions
Proof. We consider gauge transformations as vertical automorphisms and show there is a group isomorphism
implemented by the map
In order to show that the image of the algebra map F F is in A ≃ A ⊗ B B we first observe that the short exact sequence defining A ′coK ,
and B-flatness of A imply the exactness of the sequence The * -structure defining the real form O(U q (2)) requires the deformation parameter to be a phase, we set q = exp(2πiθ) as in (4.31). The * -structure is then given by 
